Abstract. -Robust scaling relations are observed in a model for fragmentation of fractal and nonfractal objects on square and triangular lattices with initial mass MO up to 6.4 millions, initial average coordination qo up to 10 and space dimension d varying from 1 to 5. For a diverse class of attacks simulating temperature variation we find that 4" -Mo/qo and 4" -Q12 independent of topology, lattice symmetry, and dimension of the object, where Jlr is the maximum number of fragments and 431 the maximum number of diverse mass fragments generated during fragmentation.
Fragmentation of solids occurs in a host of physical and chemical phenomena in nature, which include grinding and crushing of objects, such as rocks and minerals [l] , droplet breakup [21, chemical [3] or radioactive consumption of objects, polymer degradation [4] , break-up of nuclei in nuclear reactions [5] , among many others. The present understanding of the dynamics associated with these nonequilibrium fragmentation processes is very limited in comparison with other equilibrium phenomena. All these fragmentation processes can be broadly classified into two categories: i) those that conserve mass, e.g., grinding and crushing of rocks [6] ; ii) those that consume mass, e.g., the chemical dissolution of an object by a reactive agent [7] .
Most of the theoretical studies of fragmentation have concentrated on a ~mk"icopic>> description of cluster size distribution n(s, +the number of fragments of size s at time t [7, . In some cases the accumulated distribution n( > s, t ) (number of fragments of size larger than s at time t ) has been studied and a power law scaling controlled by a single exponent with not too large variation [6,10-121 has been observed from experiment [El, simulation 1101 and theory [HI. On the other hand, the cluster size distribution assumes, in general, different forms depending on the model assumptions [4, 7, . This is expeded in view of the microscopic nature of this quantity.
Though we fully realize the importance of the study of the cluster size distribution in fragmentation, in this letter we study certain amacroscopic>> properties of fragmentation processes with the aim of finding universal scaling relations for these properties. We believe that these macroscopic properties, unlike the cluster size distribution, will be governed by some general characteristics of the dynamics rather than its full intricate complexities.
Here we study dynamical processes with consumption of mass. This consumption leads to the fragmentation of the system as explained below. Two quantities were examined during the fragmentation process: the fragment number N(t), and the diversity of fragments D(t). Typical plots for N(t) and D(t) are given in fig. 1 . The diversity D(t) is the number of different mass fragments (irrespective of shape) present at time t [lo] . It has been observed and discussed by Gomes and Vasconcelos [13] that D(t) peaks before N(t). For several kinds of objects and attacks in space dimensions d = 1 to 5 we find as a result of numerical simulation that JI' -M O /qo , and ,V -g2, where ,V is the maximum of N(t), ~3 is the maximum of D(t), M O is the initial mass and go is the average initial coordination of the object. By coordination we mean the number of neighbours or chemical bonds of an occupied site. Essentially, the same scaling properties are established using nondynamical arguments independent of space dimension, and using analytic dynamical rate equations under some simplifying assumptions. Though scaling relations have been observed in various nonequilibrium phenomena the present scalings are unique in yielding the same exponent for different space dimensions, lattice symmetry, and various types of attacks. In contrast to other scalings this robustness of the present scalings is completely unexpected.
We propose to model the attack of an object by a kind of corrosive rain. The units that form this rain may be considered as molecules of a chemical reagent in some corrosion process [lo] . The reactivity at a lattice site i of the solid is taken to be proportional to the Boltzmann factor exp [ -Ei /kT], with Ei = qiE, where the coordination qi refers to site i, E is some characteristic energy of each (chemical) bond, k is the Boltzmann constant and T is the temperature. Here, Ei represents the energy to break qi chemical bonds of site i, each of energy E at temperature T. With this reactivity, the sites that are weakly connected to the sys-tem, e.g., the ones with low q i , are more vulnerable to the attack. The Boltzmann factor is particularly interesting to control the attack or the reactivity at site i in view of its relationship with many situations in chemical kinetics [14] .
A connected object is defined on a lattice of size L with occupied and unoccupied sites. In order to perform a model numerical simulation, we use the following algorithm in the case of corrosive rain. An attack is made on site i chosen at random. If site i is occupied, it is unoccupied with probability p(qi, 0) = exp [ -qi /@I, where 0( = kT/E) is the reduced temperature, if site i is unoccupied, it continues to be unoccupied. This procedure is repeated, until all sites become unoccupied. This model is more physical in one and two space dimensions. The results for higher dimensions confirm the robustness of sealing exponents. Every time an attack is made on a site the time t is increased by At = l/Qo, where no is the total number of sites-occupied and unoccupied-of the lattice.
The time evolution of mass M ( t ) of the solid is given by where m(qi, t ) is the number of sites with coordination qi at time t, which is the probability of making an attack on an occupied site i with coordination qi out of Qo sites of the lattice, and p(qi, 0) is the probability of successfully unoccupying it. The successful attack reduces the mass of the solid by one unit, thus resulting in a rate of change of mass of -1.
Similarly, one can write an equation that determines the time evolution of the average, if(t), of qi for all occupied sites of the solid defined by Essentially following the same steps to arrive at eq. (l), we obtain where the functions m(qi, t) and p(qi, 0) have the same significance as in eq. (11, and the term in the square bracket is the rate of variation of M(t) if@) after successfully disoccupying site i. Rate eqs. (1) and (3) determine the time evolution of M(t) and if@) of the solid and should provide a great deal of information about fragmentation dynamics. However, eqs. (1) and (3) are not easily amenable to analytical treatment except under simplifying assumptions, such as at infinite temperature. Hence we base this study of fragmentation mainly on numerical simulation and compare its predictions with those of eqs.
(1) and (3) under simplifying assumptions.
We use in numerical simulation various compact (nonfractal) objects on linear (d = 1, and 1.997 S qo C 2.000), square (d = 2, and 3.85 C qo C 4-00), triangular (d = 2, and 5.71 C qo C C 6.00>, cubic (d = 3, and 5.40 C qo S 5.941, and hypercubic (d = 4,7.20 C qo C 7.77 and d = 5, 8.75 C qo C 9.57) lattices. Among porous (fractal) objects we use Sierpinski carpets (d = 2, and 3.03 C qo C 3.201, percolation clusters (d = 2, and 2.45 C qo C 2.47), and Menger sponges (d = 3, and 3.36 C qo C 3.96). For every object we made an average over fifty simulations.We employ different objects in space dimension d up to 5, qo near to 10, and MO up to 6. 4 millions.
We plot in fig. 2 &' as a function of M o / q o for infinite 0 for all objects (fractals and nonfractals) independent of lattice symmetry and space dimension. fig. 2) simulation of all objects falls on the same universal line independent of lattice symmetry and space dimension. At a finite 0 ( fig. 3) we have a different line for each space dimension independent of lattice symmetry; for d = 2 simulation for objects on square and triangular lattices leads to the same line. When 0 decreases the constant a(@, d ) decreases and JV reduces for a fixed MO /go. This is plausible because as 0 decreases the reactivity increases on sites with low coordination with respect to those with high coordination.
Consequently, the edges of the object are removed with higher probability, and this leads to a smaller X Also for a finite 0 we find that the constant a(@, d ) is a decreasing function of d. From fig. 2 and 3 we find that for fxed 0 and d, , N' is determined only by the ratio M o / q o , i.e. Jlr depends on the topology only through the global quantity qo. In fig. 4 the square of the maximum of the diversity, S2, has been plotted as a function of M O /qo for the same objects of fig. 2 for infinte and finite @ (@ = 5,2,5 and 1). We observe that the time evolution of D(t) is sensitive to 0, whereas, the maximum is not for the variation of 8 we considered. The maximum of diverse types of fragments that can be created out of an object, G3, is found to be independent of 0. However, it takes a longer time to reach the maximum LZJ when 0 is small. The full line is the best fit of the simulation with which is explicitly shown in fig. 5 for 0 = 5. A similar behaviour is observed for infinite and other finite 0. We note in passing that if we consider in (6) the replacement @ + s , , -s-(ie. the diversity is taken as the difference between the largest and smallest fragment sizes), we obtain N 4 (sm, -smin)2.0'0.3 from the numerical simulations.
In order to confirm the robustness of the present scaling with respect to changes in attack we also present in fig. 2 and 4 result for numerical simulation of fragmentation by a completely different attack, e.g., by random walk, where we use the following algorithm. A site i is chosen at random, where a random walk with pefiodic boundary condition initiates. Each site visited by the walker is unoccupied with probability p(qi, e), if the site is occupied. If the site is not occupied, it continues to be unoccupied. This procedure continues until all sites are unoccupied.
We next establish this last scaling in an entirely different situation, e.g., in fragmentation that conserve mass, such as crushing of rocks. We assume that a rock is constituted of a number of particles each of unit mass. When a rock with an initial mass M O is completely ground, the (maximum) number of fragments N is given by N = MO. The maximum of diversity, a, of this rock is approximately given by M O = 1 + 2 + 3 + ... + @, where we assume that only one fragment of each mass is present at the maximum of U. Hence we arrive with a simple nondynamical permutational argument independent of space dimension and topology at the fact that M O = U(@ + 1)/2, which for large initial mass M O reduces to 9' -MO. Conse- quently, N -U2 and scaling (6) is independent of the model of simulation and is also valid when mass is conserved.
Finally, we establish these scaling relations using dynamical rate equations (1) and (3) for infinite 0 when p(qi, 0) = 1. These equations become dM(t)/dt = -M(t), and 
( t ) = N(t)s(t). Hence
If more attack is made on the object after the maximum of N ( t ) is attained at t = tYv, N(t) will decrease and an average fragment will have the tendency of disappearing instead of giving rise to more fragments. Consequently, at t = tuv, the mean size Z(tUv) is expected to be quite small and independent of the details of the object such as MO and qo (in numerical simulation we found that Z(t ,v) = 2); if not as more attack is made after t = t wv an average fragment will give rise to more fragments instead of disappearing. For small E(tWv), ?j(tWv) is correlated to s(tuv) purely on geometrical arguments, and ?j(tuv)/E(tWv) will be a constant independent of the object. Recalling that JV = N(t,+n), then eq. (7) leads to scaling (4) with a = 1. Using the same argument as in crushing of rock to arrive at scaling (6), at the maximum of diversity (t = tg), @ is related to total mass M(t,) by the approximate relation g(L9 + 1)/2 = M(t,) which for large objects leads to g2 = M(tg). Using the result M(t)/?j(t) = MO /qo , derived from eqs. (1) and (3) at infinite 0, we obtain g2 -?j(tg)Mo/qo. On the scale of variation of (MO / q o ) the quantity ?j(t@) can be regarded as constant and this last scaling for i 3 essentially reduces to scaling (5) with , f ? = 1.
In conclusion, we have established scaling relations (4)-(6) with a = ,f? = 1 for the dissolution model described in the seventh paragraph and also for a fragmentation model with random walkers. The exponents a and B are independent of lattice symmetry, embedding dimension d, temperature and geometry of the system. These results and the simple arguments discussed in the two previous paragraphs suggest that the scaling relations (4146) may be valid for a broad class of fragmentation dynamics.
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